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bstract
The paper machine cross-direction (CD) process is a large-scale spatially distributed system. It is known to be severely ill-
onditioned as the gain rolls down to zero for some of the process directions. This article presents an automatic tuning technique
or loop-shaping low order spatially localized CD controllers. Following closed-loop identification of the process model, the CD
ontroller is synthesized through a Linear Matrix Inequalities (LMI) feasibility problem to guarantee nominal stability, performance
nd robustness to model uncertainties. Robust stability and performance of the controller in the presence of parametric uncertainties
re investigated through the ν-gap metric. The performance of the LMI loop-shaped controller is illustrated through comparing it
o an industrial CD controller that has been implemented in paper mills.
 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Electronics Research Institute (ERI). This is an open
ccess article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
eywords: Cross-direction control; Multi-variable loop-shaping; Linear matrix inequalities
.  Introduction
Paper properties are controlled by a set of actuator arrays acting in the cross-direction (CD) as the paper sheet moves
long the machine direction (MD). The actuator arrays include slice lip, dilution actuator, steam box, rewet shower and
nduction heating. The paper profile is monitored through a set of scanning sensors traversing back and forth across
he sheet. The CD multi-variable process can have from 30 to 300 actuators and 200 to 1000 measurement points.
he CD controller is designed to attenuate the effects of disturbances while providing robustness against modeling
ncertainties. In Duncan (1989), fourier transform analysis of the actuator spatial response showed that it could be
eparated into controllable and uncontrollable components. One approach to simplify the design problem is to reduce
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the dimensionality through basis function representations Rigopoulos (1999), gram polynomials in Kristinnson and
Dumont (1996),Heath (1996) and modal decomposition in Featherstone et al. (2000). Control design for circulant
symmetric plants have been presented in Hovd and Skogestad (1994) and Laughlin et al. (1993). Algorithms to design
low order robust tunable CD controller were presented in VanAntwerp et al. (2001). A two dimensional loop-shaping
technique for industrial CD controllers has been implemented in many paper mills as part of a commercial product
Stewart et al. (2003a) and Stewart et al. (2003b). A technique for modifying the CD controllers designed through
two-dimensional loop-shaping to handle edge effects is presented in Mijanovic (2004) and Mijanovic et al. (2003). In
Gorinevsky et al. (2008), designing a controller for steady-state performance and robustness in spatially distributed
feedback systems was proposed. In Featherstone and Braatz (1997), Featherstone and Braatz (1998a) and Featherstone
and Braatz (1998b) it has been shown that explicit constraint handling is not always needed when robust control
design methods are used as directions corresponding to low gains are not manipulated by the SVD controller. The
same argument is adopted in the CD controller in Taylor and Duncan (2010). Under this assumption, IMC-based
CD controllers were discussed in Kristinnson and Dumont (1996),Laughlin et al. (1993), Rojas et al. (2002) and
VanAntwerp et al. (2001). In Farahmand et al. (2010), an iterative adaptive robust control based on the windsurfing
approach for unconstrained IMC is proposed. A CD controller similar to that of an IMC is combined with an observer
designed to minimize the process and model mismatch is presented in Hur et al. (2011). A constrained IMC CD
controller that acts on a subset of the controllable process modes was developed in Heath and Wills (2004). In Morales
and Heath (2011), a robust stability test was developed for constrained CD control via the theory of Integral constraints.
Model predictive control (MPC) has been considered for the control of paper machines Duncan and Corscadden
(1998),Rigopoulos et al. (1472) and Zheng (1999). A linear or quadratic optimization problem is solved online at
every sampling instance subject to specific constraints. Due to the large scale nature of the problem, it is not always
feasible to solve the optimization problem within the sampling time. The MPC problem was solved for a reduced order
model in Rigopoulos and Arkun (2003). The work in VanAntwerp and Braatz (2000a) and VanAntwerp and Braatz
(2000b) replaced the actuator constraints with an optimal 2-norm approximation to speed up the computations. In Fan
(2003) and Fan et al. (2004), an industrial CD model predictive controller (MPC) was developed through a rectangular
circulant matrix decomposition of the process. Although CD MPC is gaining popularity in the industry, traditional CD
control using Dahlin controllers is still common Chu et al. (2011).
The synthesis of a CD controller using techniques like H∞,H2 can be intractable with the existing computing power.
The number of inputs and outputs in the multi-variable process are an order of magnitude higher than other process
control applications. Conventional control design techniques will result in a fully centralized controller linking each
actuator with every measurement data-box. This will add needless real-time computational complexity for systems
with hundreds of actuators and sensors. The industrial CD controller structure from Stewart et al. (2003a) is adopted in
this work. The two-dimensional loop-shaping technique presented in Stewart et al. (2003a) and Stewart et al. (2003b)
results in a non-localized controller. A few iterations are performed manually until a trade-off between performance
and localization is achieved. The main contribution of this article is to develop a tuning technique for loop-shaping
a robust low order spatially localized CD controller. An online automatic tuning tool requires a fast autonomous
controller synthesis algorithm that does not need manual intervention. Upon identifying CD models in closed-loop
using the approaches developed in Ammar and Dumont (2013) and Ammar (2014), a Linear Matrix Inequality (LMI)
feasibility problem is solved to synthesize a CD controller that guarantees closed-loop nominal stability, performance
and robustness to modeling uncertainties. The tuning technique is accompanied by a robust stability and performance
test to guarantee robustness to the expected variations in the process spatial and dynamic responses.
The CD process model, the industrial CD controller and closed-loop requirements are presented in Section 2. A
technique for loop-shaping CD multi-variable controllers using LMI’s is presented in Section 3. A ν-gap approach
to ensure the feedback loop’s robust stability and robust performance in the presence of parameter uncertainties
is developed in Section 4. In Section 5, the proposed control synthesis technique is validated by comparing the
automatically tuned controller’s performance to the industrial CD controller from Stewart et al. (2003a).2.  Problem  statement
The CD process describes the relation between an actuator array and a controlled property. It is modeled as a
constant spatial interaction matrix cascaded by a first order transfer function with dead-time. The dead-time represents
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he transport delay which is the time taken for the paper sheet to travel from the actuators to the sensors located
ownstream at the far end of the paper machine.
.1.  Process  model
The CD process is modeled by:
y(z) =  G(z)u(z) +  Dy(z) (1)
The discrete time multi-variable process model is:
G(z) =  B0 g(z) (2)
g(z) = z
−Td
1 −  az−1 (3)
here y(z) is the z-transform of the measurement profile y(t)
u(z) is the z-transform of the actuator set-point profile u(t)
Dy(z) is the z-transform of the disturbance profile Dy(t)
y(t) ∈  Rm, u(t) ∈  Rn where R  denotes the field of real numbers
m is the number of measurement data-boxes and n  is the number of actuators
B0 is the spatial interaction matrix
g(z) is the discrete time model
Td is the dead-time
In this paper, the notation M  =  Toeplitz(m,  n) is used to represent a band diagonal symmetric Toeplitz matrix of
ize n ×  n where m  =  [m1,  m2,  ....,  mnm ].
The CD process dynamics g(z) can be expressed as:
g(z) =  [I  −  Az−1]−1z−Td where  A =  I ×  a  (4)
This system is known to be severely ill-conditioned as shown in Kristinnson and Dumont (1996) and Rojas et al.
2002). The condition number (ϒ) which is the ratio between the largest and the smallest singular value could reach
housands. In Skogestad et al. (1988), ill-conditioned transfer matrices are shown to require special attention to be paid
o the directionality of the system when designing a feedback controller. It is a standard practice in CD control to map
own the high-resolution measurement profile to the actuator resolution resulting in a square spatial interaction matrix
ith a band-diagonal symmetric matrix as in Bergh and MacGregor (1987), Chen and Wilhelm (1986), Laughlin et al.
1993), Stewart et al. (2003a), Stewart et al. (2003b) and Farahmand et al. (2010).
.2.  CD  controller  structure
The industrial controller structure presented in Stewart et al. (2003a) is adopted in this work. It is a multi-variable
xtension of a Dahlin compensator which is a proportional-integral controller with dead-time compensation. The merits
f this controller is that the closed-loop response is altered via a single tuning parameter. Moreover, the compensator
an handle uncertainty in the process time-delay. As the dead-time in CD processes rises from the transport delay, it
ill change with varying the speed of the travelling sheet.
Let e(t) ∈  Rn be the error profile at time t. Spatial decoupling is performed to give the decoupled profile ec(t).
ec(t) =  Ce(t) (5)
 =  Toeplitz(c,  n) and c =  [c1,  c2, ....,  cnc ]
The Dahlin controller is implemented in the velocity form:
dc−1v(t) =  (1 −  αc)[ec(t) −  acec(t  −  1) −
∑
i=1
v(t  −  i)] (6)
here αc,ac and dc are the compensators tuning parameters.
286 M.E. Ammar, G.A. Dumont / Journal of Electrical Systems and Information Technology 2 (2015) 283–295Fig. 1. The industrial feedback loop.
The actuator profile is updated according to the difference equation:
u(t) =  v(t) +  Su(t  −  1) (7)
where S  ∈  Rn×n is a band-diagonal symmetric smoothing matrix where S  =  Toeplitz(s, n) and s =  [s1,  s2,  ....,  sns ].
The smoothing matrix is necessary to provide an integrator in the loop in the process directions where an infinite
controller gain is permitted. However, the smoothing matrix is tuned so that S /=  I  to enable the controller loop gain
to roll down to zeros in some of the process directions.
The multi-variable feedback controller is given by:
K(z) =  [I  −  Sz−1]−1Cc(z) (8)
The following transfer function represents the z-transform of a Dahlin controller excluding the integrator:
c(z) = (1 −  αc)[1 −  acz
−1]
1 +  (1 −  αc)
∑dc−1
i=1 z−i
(9)
The actuator profile is given by:
u(z) =  K(z)e(z) (10)
The industrial feedback CD closed-loop is shown in Fig. 1.
2.3.  Closed-loop  requirements
For output disturbance (Dy(t)) rejection, it is required that σ([I  +  G(z)K(z)]−1) and σ([I  +  G(z)K(z)]−1G(z)) are
small particularly at low temporal frequencies where σ(.) denotes the maximum singular value McFarlane and Glover
(1992). The gain of G(z) rolls down to zero in some of the process directions and there could be a sign gain uncertainty
at the corresponding process modes Featherstone et al. (2000).
As the CD process is open loop stable, nominal stability requires that the closed-loop transfer matrix TuDy :
K(z)[I  +  G(z)K(z)]−1 (11)
must be analytic for all |z| ≥  1
Model uncertainties in the process are inevitable and rise from several sources like mapping, sheet wandering,
shrinkage, paper machine speed and faulty actuators. This is best represented by additive model uncertainty.
Gp(z) =  G(z) +  G(z) (12)
For robust stability, the controller K(z) must be designed so that the closed-loop is nominally stable and:
max
‖u‖2∥ ∥ =  σ(K(z)[I  +  G(z)K(z)]−1) < 1 (13)Dy /=  0∥Dy∥2 β
According to the small gain theorem Zhou and Doyle (1998), the closed-loop is stable for all additive uncertainty
perturbations ‖G(z)‖ ≤ β.
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.4.  CD  process  approximation  by  circulant  matrices
Some web processes such as the blown extrusion of plastic films are modeled by circulant matrices as the web is
xtruded as a tube Duncan (1989) and Heath (1996). The notation ˆM  =  Circulant(m, n) will be used in this article to
epresent the symmetric circulant matrix with non zero entries m  =  [m1,  m2,  ....,  mnm ].
As the difference between the narrow band diagonal symmetric Toeplitz matrix that appear in CD processes and a
irculant matrix is a small perturbation, the CD spatial interaction matrix was approximated by a circulant matrix in
ome papers on CD control Stewart et al. (2003a), Stewart et al. (2003b), Fan (2003), Fan et al. (2004) and Farahmand
t al. (2010). The circulant matrix approximation is equivalent to the linear spatial invariance (LSI) assumption adopted
n Gorinevsky and Stein (2003) and Gorinevsky et al. (2008). In Gray (2006) and Gray (1972), it has been proven
hat the band diagonal matrix and its circulant approximation are asymptotically equivalent. The eigenvalues of both
atrices are asymptotically equally distributed (Theorem 4.1, Gray, 1972).
.5.  Decomposition  of  circulant  matrices  using  fourier  matrices
Consider the process model in Eq. (2) and the industrial CD controller in Eq. (8). Approximating the Toeplitz
atrices B0, C, S  with the circulant matrices ˆB0, ˆC, ˆS gives the circulant process model and controllers:
ˆG(z) =  [I  −  Az−1]−1z−Td ˆB0 (14)
ˆK(z) =  [I  − ˆSz−1]−1 ˆCc(z) (15)
The CD process model and the industrial controller can be decomposed into a set of n  SISO transfer functions on
he diagonal by pre and post-multiplying by the real fourier matrix F.
F ˆG(z)FT =  diag {gˆ(z,  υ1),  .........,  gˆ(z,  υn)}
F ˆK(z)FT =  diag{ˆk(z,  υ1),  ........., ˆk(z,  υn)} (16)
gˆ(z, υi) =
ˆb(υi)z−Td
1 −  az−1
ˆk(z,  υi) = cˆ(υi)1 − sˆ(υi)z−1 c(z)
(17)
The feedback controller maybe synthesized as a family of n  SISO controllers (ˆk(z,  υi)) independently for each
patial frequency υi ∈  {υ1, υ2, . . , υn}  Bamieh et al. (2002), Hovd and Skogestad (1994) and Stewart (2000). The
esult of neglecting the edge effects on the system’s nominal stability is investigated using the small gain theorem as
iven in Stewart et al. (2003b).
.  Multi-variable  CD  control  loop-shaping  using  LMIs
.1.  Multi-variable  CD  loop-shaping
Loop-shaping is one of the established approaches to multi-variable feedback controller design Doyle and Stein
1981). In loop-shaping design, closed-loop objectives are specified in terms of requirements on the singular values of
he open-loop compensated system. Designing a controller that has high open loop gains at low frequencies provides
atisfactory closed-loop performance at those frequencies. As for robust stability, the open-loop gain must be low at
igh frequencies where the model uncertainty is significant. Nominal stability for the closed-loop must be ensured.
The eigenvalues of circulant matrices are equal in magnitude to their singular values so the large-scale CD loop-
haping problem is solved through the following procedure:. The Dahlin controller in Eq. (9) is tuned at υ1 = 0 using the parameter αc for dynamic performance. Following
the IMC tuning rules, the parameters ac and dc are set to the values of a  and Td of the process model in Eq. (3)
respectively.
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2. The matrix S  is parameterized in terms of a Blackman convolution window filter H  =  Toeplitz(h, nd):
S  =  I  +  λ(H  −  I) λ  ≈  0.01 (18)
where h  =  [h1,  h2,  ....,  hnd ] and h1 +  2h2 +  ...  +  2hnd =  1
3. A system of LMIs is solved to provide values for cˆ(υi) that guarantee nominal stability of the n closed-loop SISO
loops while ensuring that the open-loop performance and robustness constraints are satisfied for their respective
sets.
3.2.  LMI  technique  to  synthesize  the  spatial  decoupling  matrix ˆC
The Dahlin controller c(z) is tuned for an accepatable dynamic response and ˆS is tuned according to Eq. (18) with
a spatial order of nd. This section presents an LMI technique to synthesize the symmetric circulant controller ˆK(z).
The nominal stability, performance and robustness constraints are cast as LMI’s for each singular value using Schur
complements Boyd et al. (1994).
3.2.1.  Nominal  stability
The nominal stability of the circulant system is guaranteed if the n SISO closed loops formed of the plants and
controllers in Eq. (17) are internally stable Hovd and Skogestad (1994) and Bamieh et al. (2002). Given that the CD
process is open-loop stable it follows that all the plants gˆ(z,  υi) are stable. An initial value for cˆ(υi) is taken as 1/ˆb(υi)
where υi ∈  {υ1, υ2, . . , υn}. Internal stability of the n  SISO loops ˆk(z,υi)1+gˆ(z,υi)ˆk(z,υi) is ensured via restricting the values of
0 < αc < 1. The gain margin GM(υi) at each SISO loop is computed to give the maximum allowable cˆmax(υi) = GM(υi)
ˆb(υi)
for marginal stability.
The condition for nominal stability is:
|cˆ(υi)| < cˆmax(υi) ∀υi ∈  [0,  υn] (19)
This condition is cast as the set of LMIs:[
cˆmax(υi) cˆ(υi)
cˆ(υi) cˆmax(υi)
]
>  0 ∀υi ∈  [0,  υn] (20)
3.2.2.  Performance
Loop-shaping the open loop singular values at low temporal frequencies for performance is given by:
σ[GK(z)] >  σperformance ⇔  σ[gˆ(z,  υi)ˆk(z,  υi)] >  σperformance
∀υi ∈  [0,  υper],  ωt ∈  [0,  ωper]
(21)
The singular value corresponding to the spatial frequency υper is the controllable mode that corresponds to the highest
spatial frequency where a specified minimum performance is required. The temporal frequency ωper is the highest
temporal frequency where the performance constraints must be satisfied. These constraints are represented by the set
of LMIs:[
gˆ(z,  υi)ˆk(z,  υi) σperformance
σperformance gˆ(z,  υi)ˆk(z,  υi)
]
> 0 (22)
3.2.3.  Robustness
The CD process’s gain rolls down to zero at singular values corresponding to high spatial frequencies [υrobust, υn/2]where υrobust is the process mode corresponding to the lowest spatial frequency where robustness constraints must be
satisfied. Loop-shaping for robustness where σ(GK)   1 can be approximated at steady-state (ω  = 0, z = 1) by:
σ[K(1)] <  σrobustness ⇔  σ[ˆk(1,  υi)] <  σrobustness ∀υi ∈  [υrobust,  υn/2] (23)
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The robustness constraints are cast as the set of LMIs:[
σrobustness ˆk(1,  υi)
ˆk(1,  υi) σrobustness
]
>  0 (24)
.2.4.  Synthesizing  a  spatially  localized  decoupling  matrix ˆC
In Gray (2006), it has been shown that the eigenvalues of circulant matrices of size (n  ×  n) are:
μi =
n∑
k=1
cke
−j2πi(k−1)/n (25)
For a symmetric circulant matrix ˆC  =  Circulant(c,  n), c  =  [c1, c2, ....,  cnc ]:
cˆ(υi) =  c1 +  2
nc∑
k=2
ck cos[(k  −  1)υi] (26)
The set of LMI’s are cast in terms of the non-zero elements c of the circulant matrix ˆC.
.  Robust  stability  and  performance
Model uncertainties are taken into consideration in CD control design. A wide variety of uncertainty descriptions
ere considered in designing robust low order CD controllers in VanAntwerp et al. (2001). It is standard in industrial
D control models to consider an additive matrix perturbation Stewart et al. (2003a), Stewart et al. (2003b) and Fan
t al. (2004). Multidimensional structured uncertainty analysis has been applied to a cross-direction paper machine
rocess in Gorinevsky and Stein (2003). This article focuses on robust stability and performance of the feedback loop in
he presence of parametric uncertainties. The following analysis is beneficial for paper machines that produce different
rades of paper without re-tuning the controller for each grade Fan (2003). Each paper grade is associated with its
ctuator’s spatial and dynamic responses. The process transport delay varies due to changing the paper machine speed.
n Morales and Heath (2011), robustness to real variations in the CD model’s transport delay, gain and time constant
ere investigated. In this section, a ν-gap criterion is developed to investigate the robust stability of perturbed loops to
arametric uncertainties. The ν-gap measures the closeness of the perturbed and nominal models in closed-loop Sootla
2014).
.1.  The  ν-gap  metric
The ν-gap metric between two plants G0 and G1 (δν(G0, G1)) is the gap between their L2 graph spaces when a
inding condition (wno) is satisfied. This only depends on their frequency responses Vinnicombe (1993), Vinnicombe
2001) and Date and Vinnicombe (2004). For SISO systems, the ν-gap is equal to the chordal distance between the
rojections of their Nyquist diagrams onto the Riemann sphere. The ν-gap metric can be computed directly from the
ystem transfer matrix as follows (Theorem 17.6 in Zhou and Doyle, 1998):
δν(G0,  G1) :=
⎧⎪⎪⎨
⎪⎪⎩
‖(G0, G1)‖∞,
if det(I  +  G∗1G0)(ejω) /=  0 ∀  ω
&wno det(I  +  G∗1G0) +  η(G0) −  η(G1) −  η0(G1) =  0
1 otherwise
(27)
here:
(G0,  G1) =  (I  +  G1G∗1)−1/2(G0 −  G1)(I  +  G∗0G0)−1/2 (28)
*) denotes the conjugate transpose
Z :=  {z  ∈  C  : |z|  >  1}  and δZ the boundary of this set
C  denotes the fields of complex numbers
η(G) denotes the number of poles outside the unit circle
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η0(G) denotes the number of poles of G  that lie on δZ
wno(G) denotes the winding number evaluated on the standard Nyquist contour indented around any poles or zeros
of G on δZ
Robust stability for a perturbed loop can be checked using a frequency by frequency test. Define:
1
bG0,K(ejω)
:= σ
[
I
K(ejω)
]
[I  +  G0(ejω)K(ejω)]−1
[
I G0(ejω)
] (29)
and
ψ(G0(ejω), G1(ejω)) =  σ((G0,  G1)) (30)
Theorem 17.8 in Zhou and Doyle (1998) states that:
Suppose [G0, K] is stable and δν(G0(z), G1(z)) < 1, then [G1, K] is stable if:
bG0,K(ejω) >  ψ(G0(ejω), G1(ejω)) ∀  ω  (31)
4.2.  A  robust  stability  criterion  for  the  CD  process
Computing the ν-gap for a large multi-variable CD process whose dimensions are in the range of hundreds will be
computationally inefficient. Approximating the CD process G0 by the circulant matrix ˆG0 facilitates the robustness
test as the process can be decomposed into n SISO transfer functions g0(z, υi). The perturbed multi-variable feedback
loop [ ˆG1, ˆK] is stable if the nominal loop [ ˆG0, ˆK] is stable and:
bgˆ,ˆk(ejω,  υi) >  ψ(gˆ0(ejω, υi),  gˆ1(ejω,  υi)) ∀ω  & ∀υi (32)
To guarantee robust stability for a perturbed loop with parameter uncertainties, two surfaces must be computed. One
for ψ(gˆ0(ejω,  υ),  gˆ1(ejω,  υ)) (denote it ν  surface) and the other for bgˆ,ˆk(ejω,  υ) (denote it the stability margin surface)
over a grid of temporal frequencies and all the n  singular values. As long as the ν-surface is below the b
ˆG0, ˆK
surface
everywhere robust stability is guaranteed. Further details can be found in Ammar (2009).
5.  Simulation  results
The developed CD control synthesis technique is compared to the two-dimensional loop-shaping approach when
applied to the consistency profiling CD process in Stewart et al. (2003a). The model for the CD process was taken
from a Canadian paper machine producing newsprint paper at a weight of 45 g/m2. This configuration has an array of
226 consistency profiling actuators spaced at a separation of 35 mm.
The process model is given by:
y(z) =  G(z)u(z) +  Dy(z)
G(z) =  [I +  Az−1]−1Bz−Td
Dy(z) =  [I +  Hz−1]−1[I +  Ez−1]Dg(z) +  Ds(z)
B =  Toeplitz([−4.889,  −2.8023,  −0.3401,  0.0966,  0.0208]10−3,  226)
A =  Toeplitz([−0.8221],  226)
E =  Toeplitz([−0.8221],  226)
H =  Toeplitz([−0.999],  226)
A,  B,  E,  H  ∈  R226∗226
(33)
Td =3 is the dead-time.
The sampling time is 25 s.
The spacing between the actuators results in an actuator array with a spatial Nyquist frequency of 14.28 cycle/m.
Dy(z) is the z-transform of the output disturbance where Dg(z) and Ds(z) are the z-transforms of Gaussian noise and
a static disturbance respectively.
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Fig. 2. Singular values versus the eigenvalues of the toeplitz and circulant spatial interaction matrices.
Table 1
Controller tuning parameters.
Controller parameter Symbol Two-dimensional Loop-shaping Multi-variable LMI Loop-shaping
Decoupling Spatial order nc 4 5
Decoupling convolution c [− 67.5392, − 31.726, 15.1928, 15.3481] [− 86.86, − 45.5, 7.8, 11.48, 2.2]
Smoothing Spatial operator nd 4 4
Smoothing Convolution c [0.9928, 0.0023, 0.001, 0.0002] [0.99, 0.0025, 0.0015, 0.001]
Internal model pole ac 0.8221 0.8221
Internal model dead time dc 3 3
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The singular values of the band diagonal matrix B, its circulant approximation ˆBc and the eigenvalues of the circulant
atrix after decomposition by Fourier matrices are given in Fig. 2. The plot shows that the circulant approximation is
ustified as the singular values of the Toelpitz matrix and the circulant matrix are almost identical. The singular values
f the circulant matrix are the same as the sorted absolute values of the eigenvalues obtained from the circulant matrix
ecomposition by the Fourier matrix.
The estimated standard deviation (2σp) of the paper properties is used in the industry as a measure for paper
uality Fan et al. (2004). The automatic tuning technique is triggered when the 2σp value exceeds the user’s specified
imit. A closed-loop identification experiment is conducted using the approach developed in Ammar and Dumont
2013). The performance constraints are enforced at the set l which corresponds to low temporal frequencies and
ontrollable process directions. Robustness constraints are enforced at temporal steady-state with the set h of modes
hat correspond to high spatial frequencies. At these modes, the modeling uncertainties are significant and can result
n an incorrect gain sign.
l =  {{ω,  υ}  : ω  <  0.02Hz,  υi <  6.5 m−1}  :
∣∣gˆ(ejω,  υi)ˆk(ejω, υi)∣∣ > 10 (34)
h =  {υi >  10 m−1}  :
∣∣ˆk(ejω,  υi)∣∣ |ω=0 < 1
β
,  β  =  0.2‖G(z)‖∞ (35)
Table 1 presents the tuning parameters for the two-dimensional controller in Stewart et al. (2003a) and the multi-
ariable LMI loopshaped controller.
.1.  Nominal  performance
The same output disturbance profile was applied to the closed-loop when running under the two-dimensional
ontroller and once again after automatic tuning of the CD controller using the LMI loop-shaping technique. The
omputation time for solving the LMI feasibility problem for the LMI loop-shaping technique on an Intel core i5
.5 GHz CPU is 8.74 s which is less than one sampling time.
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Fig. 3. Closed-loop steady-state performance for the LMI loop-shaped and two-dimensional controllers.Fig. 4. Sensitivity functions.
Plotting the error spectra of the steady-state measurement profiles for the two controllers in Fig. 3(a) shows that
the controller designed by the LMI loop-shaping technique performed better than the two-dimensional loopshaped
controller. The LMI loopshaped CD controller attenuated the error components with spatial wavelengths <9 cycle/m
significantly. The two-dimensional controller’s steady-state measurement profile has a significant error component at
the spatial frequency υ0 = 0 cycle/m. The actuator spectra at steady-state are plotted in Fig. 3(b). The spectra show that
the LMI loop-shaped controller is slightly more aggressive than the two-dimensional controller. Both controllers do
not chase high spatial frequency components of the error profile.
The singular values of the transfer matrix TyDy ([I  + G(z)K(z)]−1) are plotted against the spatial frequencies υi.
The LMI loopshaped controller results in the steady-state sensitivity function in Fig. 4(a) providing a higher atten-
uation bandwidth compared to the two-dimensional CD controller. The singular values of the transfer matrix TuDy
(K(z)[I  + G(z)K(z)]−1) at steady-state are shown in Fig. 4(b). The aforementioned transfer matrix has low gains in the
process directions corresponding to high spatial frequencies.
5.2.  Robustness  to  unstructured  uncertaintyThe LMI loop-shaped closed-loop has σ(K(z)[I  +  G(z)K(z)]−1) =  69.26 satisfying the robust stability condition
in Eq. (13) for β  =  0.225‖G(z)‖∞.
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Table 2
Variations in the CD process parameters.
Parameter Minimum value Nominal value Maximum value
Time delay (Td s) 65 75 85
Time Constant (τ s) 110 127.6 140
Gain −3.91 × 10−3 −4.889 × 10−3 −5.87 × 10−3
Table 3
Nominal versus perturbed plant dynamics.
Dynamics Model Perturbed Plant g1(z) Nominal Plant g0(z) Perturbed Plant g2(z)
g(z) z−3(0.489+0.6549z−1)1−0.7965z−1
z−3
1−0.8.221z−1
z−4(0.5679+0.3463z−1)
1−0.8374z−1
5
n
g
s
a
c
(
δ
i
5
t
c
LFig. 5. Robust stability and performance of the perturbed loops.
.3.  Robustness  to  parameter  uncertainties
In this section the LMI loop-shaped controller’s robustness to parameter uncertainties is investigated assuming that
o update for the process model is available. The expected variations in the transport delay, time constant and process
ain are given in Table 2. The transport delay is assumed to vary between 65 and 85 seconds due to changing the
peed of the travelling sheet. The minimum and maximum delays correspond to non-integer time delays of Td1 = 2.6Ts
nd Td2 = 3.4Ts respectively. The modified z-transform equivalent of the perturbed process dynamics g1(z) and g2(z)
orresponding to the maximum and minimum values of the time delay and the time constant are given in Table 3.
Fig. 5(a) and (b) shows that the ν-surfaces (ψ(gˆ0, gˆ1)(ejω,  υ)) and (ψ(gˆ0, gˆ2)(ejω, υ)) are below the stability surface
bgˆ,ˆk(ejω,  υ)) ensuring that the perturbed loops are stable. The maximum values of δν(g0(z, υi), g1(z, υi)) = 0.0122 and
ν(g0(z, υi), g2(z, υi)) = 0.0123 indicate that the performance of the perturbed loops [G1, K] and [G2, K] in closed-loop
s guaranteed to be close to the nominal loop [G0, K].
.4.  Results  summary
Table 4 provides the 2σp values for the variations in the measurement profiles due to the output disturbances for the
wo CD controllers. The LMI loopshaped controller reduced the variability in the basis weight of the two-dimensional
ontroller by 12.94%, 21.16% and 12.09% for the nominal, perturbed loops with G1(z) and G2(z) respectively. The
MI loop-shaping technique resulted in a CD controller that outperforms the two-dimensional controller from Stewart
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Table 4
2σp variations in the process basis weight.
Two-Dimensional Controller LMI Loop-shaped Controller % Reduction
Nominal Plant G0 0.984 0.8565 12.94%
Perturbed Plant G1 1.645 1.297 21.16%
Perturbed Plant G2 1.552 1.365 12.09%
et al. (2003a). The developed CD controller provided robust stability and performance in the presence of uncertainties
in the transport delay, spatial and dynamic responses.
6.  Conclusion
This work presents an automatic tuning technique for robust CD controllers that is triggered by deterioration in
the paper quality. Upon performing a closed-loop identification experiment, the feedback controller is loop-shaped
to provide closed-loop performance while ensuring robustness to modeling uncertainties. The main merit of the LMI
loop-shaping technique is that a spatially localized controller is synthesized online within one sampling time. The
developed automatic tuning technique is convenient for paper machines producing different grades of paper. The LMI
loop-shaping technique can be readily extended to multi-array multi-property CD control processes.
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